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Abstract In this paper, we construct some new
Christoffel–Darboux type identities for Legendre, Laguerre
and Hermite polynomials. We obtain these types of iden-
tities for the derivatives of these polynomials.
Keywords Christoffel–Darboux identity  Cauchy
kernel  Legendre polynomials  Laguerre polynomials 
Hermite polynomials
Mathematical Subject Classification 33D45  33D50 
45E05
Introduction
In [1], we have simplified the fraction
Pnðx; yÞ ¼ PnðyÞ  PnðxÞ
y x ; ð1Þ
in terms of PiðxÞ,PjðyÞ where Pn 2 fTn;Un;Vn;Wng. Also,
for every kind of Chebyshev polynomials, we have
obtained the expanded form of the fraction
Pn;sðx; yÞ ¼ P
ðsÞ
n ðyÞ  PðsÞn ðxÞ
y x ; Pn 2 fTn;Un;Vn;Wng:
ð2Þ
in terms of PiðxÞ, PjðyÞ where PðsÞn ðxÞ is the sth derivative
of PnðxÞ.
In this paper, we expand the fraction (1) where PnðxÞ is
Legendre, Laguerre and Hermite polynomials.
Christoffel–Darboux type identities of Legendre,
Laguerre and Hermite polynomials
Theorem 2.1 Let fPnðxÞg1n¼0 be a sequence of orthog-
onal polynomials with respect to the weight function
w(x) on interval [a, b] then





































and Cnþ1;k is the coefficient of xk in Pnþ1ðxÞ.
Proof PnðxÞ is orthogonal to every polynomial of degree
less than n. So, if iþ j[ n then Anþ1i;j ¼ 0. If iþ j n then
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Corollary 2.1 If the interval [a, b] is symmetric about the
origin and PnðxÞ ¼ ð1ÞnPnðxÞ then for even nþ iþ j,
Ani;j ¼ 0.
If the linearization formula of PnðxÞ is available then we
can compute Ai;j coefficients in Eq. (3) by using one sum
instead of using double sum in Eq. (4).
Christoffel–Darboux type identities of Hermite
polynomials
Theorem 3.1 Let HnðxÞ be Hermite polynomial of
degree n then













































Proof First, we prove that
















m; n ¼ 0; 1; 2; . . .: ð6Þ


















































HmðxÞ sin 2pfxþ np
2
 
dx; mþ n is odd;
(
ð8Þ
So, if mþ n is even then Hm;nðx; yÞ ¼ 0. If mþ n is odd,
then use relation (8) and integration by parts and Rodri-

















From the relations (7), (9) by using change of the variable
pf ¼ y, we obtain















































So, for odd mþ n, we have



















By using the relations (11) and (12), we can obtain Ani;j in
relation (5). h





















kv!ðk  v 1Þ!
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Now, we can obtain Christoffel–Darboux type identities
for the derivatives of Hermite polynomials.
Corollary 3.2 Let
HðsÞn ðx; yÞ ¼
H
ðsÞ























































Christoffel–Darboux type identities of Legendre
polynomials
Theorem 4.1 Let PnðxÞ be Legendre polynomial of
degree n then















iþ jþ n 2k þ 1
(
Bki;j
iþ j n 2k

Bkminði;jÞ;n






2iþ 2j 4k þ 1
2iþ 2j 2k þ 1
 
;
Bk ¼ 1  3  5  ð2k  1Þ
k!
; k ¼ 1; 2; 3; . . .:
B0 ¼ 1: ð16Þ
Proof Legendre function of the second kind is defined by











PmðxÞQnðxÞ dx ¼ 1 þ ð1Þ
mþn
























The following famous linearization formula of Legendre






2mþ 2n 4k þ 1
2mþ 2n 2k þ 1
 
Pmþn2kðxÞ; m n;
Bk ¼ 1  3  5  ð2k  1Þ
k!
; k ¼ 1; 2; 3; . . .:
B0 ¼ 1: ð19Þ
Now, use the relations (17), (18) and (19) to obtain the
result. h




















 ðnþ kÞ!v!ðk  v 1Þ!

















Now, we can obtain Christoffel–Darboux type identities
for the derivatives of Legendre polynomials.












ðnþ k þ s 1Þ!














 1 ! : ð21Þ





























 2k þ 1
2s2ðs 1Þ!
ðnþ k þ s 1Þ!




















iþ j k  2v
Bv
minði;jÞ;k






2iþ 2j 4vþ 1
2iþ 2j 2vþ 1
 
;
Bv ¼ 1  3  5  ð2v 1Þ
v!
; v ¼ 1; 2; 3; . . .:
B0 ¼1:
ð23Þ
Christoffel–Darboux type identities of Laguerre
polynomials
The famous linearization formula of associated laguerre


















In spite of Hermite and Legendre polynomials, the lin-
earization formula of Laguerre polynomials is presented by
double summation. The coefficients Ani;j of Hermite and
Legendre polynomials are obtained from (5) and (16) by
one summation, and in the following relations, the Ani;j
coefficients of Laguerre polynomials are given by double
summation.
Corollary 5.1 Let Lmn ðxÞ be associated laguerre polyno-































The related formula for Laguerre polynomials of degree n
is




























From [3], we have
ds
dxs
Lmn ðxÞ ¼ ð1Þs
Xns
k¼0
n k  1
s 1
 
































ðmþ vÞ!ðmþ k0  v 1Þ!
ðmþ iÞ!ðmþ jÞ!
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Conclusion
In this paper, we obtained some new Christoffel–Darboux
type identities for Legendre, Laguerre and Hermite poly-
nomials. We also obtained these types of identities for the
derivatives of these polynomials. These formulas are good
theoretically and the correctness of the obtained formulas
are checked by Maple 17, and Some of these formulas are
not efficient numerically.
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